Abstract: This paper presents formulas for the response functions in the mixed wave number-time domain for a homogeneous, elastic half-space subjected to impulsive, spatially harmonic sources on its surface. These functions are useful when obtaining the wave field in a half space elicited by dynamic surface sources of arbitrary spatial distribution on the surface, in either two or three dimensions. The formulas in this paper are obtained by contour integration of the Green's functions in the frequency-wave number domain. The correctness and accuracy of these solutions is then assessed by comparison with the results of the well-known transient response functions for suddenly applied loads in both two and three dimensions.
Introduction
The seminal work of Lamb (1904) together with its refinements in the ensuing decades in the early and mid-twentieth century provided the exact formulas for the transient response of elastic halfspaces caused by suddenly applied line and point sources on its surface. In particular, Cagniard (1939) obtained the requisite double integral transforms from the frequency-wave number domain into the space-time domain by means of an ingenious contour integration in both two and three dimensions. Dix (1954) expounded Cagniard's abstruse equations through application of the method to the scalar wave equation, but still hardly avoided a considerable number of transformations. A few years later, De Hoop (1960) succeeded in finding a substantial simplification to Cagniard' s procedure in what is now referred to as the Cagniard-de Hoop method. This analytical strategy was also used, respectively, by Pekeris (1955) and by Chao (1960) to obtain closed-form solutions (i.e., not requiring numerical integrations) for impulsive vertical and horizontal point loads in a half space with Poisson's ratio = 0.25. Thereafter, Mooney (1974) generalized Pekeris' results for vertical loads acting on solids of arbitrary Poisson's ratio, while Eringen and Suhubi (1975) presented the general case of displacements in the interior of a halfspace due to horizontal and vertical impulses at the surface (two dimensional case), and the displacement field on the surface of a half-space caused by a vertical step point-load acting on its surface (three dimensional case) but only up to Poisson's ratio = 0.26. Johnson (1974) also considered the general case of various kinds of point sources within the elastic half-space, obtaining formulas containing integrals with singularities that must be evaluated numerically. It is remarkable that comparable closed-form solutions for a single transform, say from the frequency-wave number domain to the frequency-space domain, or alternatively, to the wave number-time domain, are not available. Perhaps the reason lies partly in the difficulty involved in obtaining exact results for a single transform-it is rather curious that the double transform should be easier-but also because the availability of the spacetime solution removed much of the motivation to find solutions to such partial transforms. Nonetheless, there is no lack of practical solutions based on elimination of the singularities at the Rayleigh poles via contour integration together with numerical evaluation of improper branch integrals without singularities. Such ad-hoc methods have been used often in the past, for example, by Whittaker and Christiano (1979) , who obtained the Green's functions for point loads acting on the surface of an elastic half space in the frequency-space domain. Finally, purely numerical solutions based on integration over wave numbers and frequencies are often used for sources within layered media. While convenient and flexible, they are computationally expensive and require great care if one is to avoid accuracy problems caused by the oscillatory nature of the kernels and the truncation of the improper integrals (Bouchon and Aki 1977; Apsel and Luco 1983; Luco and Apsel 1983; Hisada 1994 Hisada , 1995 .
There are often situations where a wave number-time domain solution may be of interest, for example, when the dynamic sources and/or prescribed displacements have arbitrary spatial distributions over the surface of the half space, such as the dynamic contact stresses under a building foundation. In principle, the response to such loads could also be obtained by convolution with available space-time solutions, but such computations are hampered by the sharp wave fronts in the functions, which are associated with the passage of the shear and Rayleigh waves. This paper presents exact formulas for the response of a homogeneous elastic half space subjected to impulsive, spatially harmonic sources on its surface, that is, it provides the impulse response functions of the half space in the wave number-time domain (Park 2002 ). This task is accomplished by means of con-1 tour integration over frequencies, starting for this purpose from the known Green's functions in the wave number-frequency domain. The integration yields a fully closed-form, dominant term associated with the residues at the Rayleigh pole, and several improper integrals without singularities that are associated with avoidance of the branch points for P and S waves. While the latter call, in principle, for numerical integration, it is also possible to use close functional approximations to the kernels in the branch integrals, in which case compact formulas are obtained. Alternatively, an optimal strategy consists in pre-evaluating the requisite functions by careful numerical integration, and placing these in a lookup table for ulterior use.
Green's Functions in Wave Number-Time Domain
Consider a homogeneous elastic half space in two dimensions subjected to loads on its surface, which are both spatially and temporally harmonic. Thus, the problem is initially formulated in the frequency-wave number domain, or k -for short. While the response functions in that domain are well known, we include their brief derivation in Appendix I, both for the convenience of the reader, and to establish the basic notation. We then use these functions in the following sections to obtain the response functions in the wave number-time domain, or k -t for short.
With reference to the notations and symbols list, the half space has mass density , dilatational wave velocity C P , shear wave velocity C S , shear modulus , Lamé constant , constrained modulus +2, and Poisson's ratio . The load and response functions are either of the antiplane type, which involve only horizontally polarized shear (SH) waves, or of the in-plane type, which involve SV-P waves. We begin with the former.
Green's Functions for SH Loads
As shown in Appendix I, the -k response function for an antiplane unit load is
in which k=horizontal wave number, k S = / C S , and s = ͱ1−͑k S / k͒ 2 . Its inverse Fourier transform from k -to k -t can be obtained directly from tabulated formulas [e.g. Spiegel 1968, p. 168, Eq. (32.95 
in which J 0 = Bessel function of the first kind and order zero, t S = z / C S = arrival time of SH waves to any receiver at depth z, and of course t ജ t S . This formula is exact.
Green's Functions for SV-P Loads
As can be seen in Eqs. (18a)-(18d) in Appendix I, the Green's functions in -k for in-plane loads have the general structure G ij ͑k,z,͒=G ij ͑r,s,⌬,z͒, in which p=ͱ1−͑k P / k͒ 2 , s = ͱ 1−͑k S /k͒ 2 , k P =/C P , k S =/C S , and ⌬=ps− 1 4 ͑1+s 2 ͒ 2 is the well-known Rayleigh function. Formally, the impulse response functions in k -t follow from the inverse Fourier transformation
To evaluate this transform, the integral over real frequencies is replaced by a contour integral, the details of which can be found in Appendix II. This contour integral yields two residues contributed by the Rayleigh poles, and two branch-cut integrals without singularities, of which the second is improper. It is found that the Fourier transformation into k -t gives impulse response functions G ij ϵ G ij ͑k , z , t͒ that ultimately can be abbreviated as
in which R ij contains the residues associated with the Rayleigh poles, and B ij gives the branch-cut integrals. From Appendix II, the contributions of the residues are Also, the branch-cut integrals B ij are given by Eqs. (25a)-(25d) in Appendix II, and need not be repeated here.
Kernels of Branch-Cut Integrals
Figs. 1(a-c) depict the various kernels of interest for Poisson's ratio =0.30 and z=0 (i.e., at the free surface), with a=C P / C S = a͑͒ being the dimensionless P wave velocity. Other values of Poisson's ratio yield similar plots. Solid lines are the actual kernels while dotted lines depict the hyperbolas 4/⍀ and 4/ a⍀, which are, respectively, the asymptotes to which the kernels K xx and K zz rapidly converge. Circles in each figure represent the points of ⍀ =1, ͱ 2, a, and 3a. The first and third correspond, respectively, to the S and P branch points (i.e., s=0 and p=0). The second, on the other hand, is a special point at which the kernels for both K xx and K xz -for any Poisson's ratio-go through zero. Finally, the fourth circle represents the point beyond which the kernel is, for all practical purposes, identical to the asymptote. Of interest is also the fact that the coupling term exists only in the interval ͓1ഛ⍀ഛ a͔. Also, observe that the second interval vanishes when Poisson's ratio equals zero, because a=C P / C S = ͱ 2.
Conversely, a=ϱ for an incompressible solid, for which =0.5. 
Evaluation of Branch-Cut Integrals
Numerical experiments demonstrate that all of the kernels in the three intervals referred to previously can be closely approximated by trial functions of the form
in which ⍀ 1 , ⍀ 2 define the two ends of the interval under consideration, ⍀ 3 = ⍀ 1 or ⍀ 3 = ⍀ 2 (depending on the interval), and the parameters A, ␣, ␤, ␥ can be found by a least squares fit. Some plotting software-such as the EasyPlot program employed by us-include a convenient and fast tool for this purpose. For example, the kernel K xx in the range 1 to ͱ 2 and for = 0.25 can be closely approximated by Moreover, source programs in various computer languages for these functions can readily be found in mathematical libraries throughout the Internet. However, there are at least three problems with the use of the trial functions: 1. While reasonably close, the approximations are not exact, and difficulties arise when Poisson's ratio approaches either zero or 0.5. 2. Kummer's functions are not elementary, and demand in themselves some computational effort. While it is substantially less than that for numerical integration from ⍀ =1 to ⍀ = ϱ, it is still not negligible, especially if it must be repeated often. 3. Most importantly, the parameters in the approximations depend strongly on the interval being considered, the component being evaluated, and on Poisson's ratio. Thus, it is rather difficult to provide unencumbered expressions of general validity that could be summarized compactly herein, and be reduced to either formulas or tables for all components and any Poisson's ratio. In the light of these considerations, an optimal and most efficient strategy for repeated computations is as follows: 1. Precompute once and for all the branch integrals for a sufficiently dense set of arguments -up to some appropriate maximum dimensionless time max -by a refined numerical approach, such as Clenshaw-Curtiss combined with Chebysheff polynomials, Filon's method, or Hermitian interpolation. Knowing that all branch integrals lead in the time do- main to decaying, oscillatory functions whose approximate minimum or dominant period is =2 / 3, choose the sampling rate ⌬ adequately small in comparison to this period, say ⌬ = / 6 or less. Carry out the integration separately for each of the three ranges referred to previously, and add the analytical expression for the tail in terms in sine integrals. This constitutes the bulk of the computation, yet can be carried out in seconds in a modern personal computer. Observe that it needs to be performed only once for a unit wavenumber k = 1 and shear wave velocity C s =1. 2. Place these integrals in a lookup 
Response in Space-Time Domain
The applicability and accuracy of the proposed method in obtaining synthetic seismograms is illustrated next by means of examples for classical problems, which are Lamb's problems for line loads and point loads (actually, the time derivative of these problems, because it is impulse loads rather than step loads that are being considered herein). However, the reader is reminded that the method can also handle spatially distributed loads with equal ease.
Line Load
Consider a transient, spatially local horizontal or vertical load of the form q͑x,z,t͒ = f͑x͒␦͑z͒␦͑t͒ that is, an impulsive traction f͑x͒ applied at the surface of a homogeneous half-space with unit properties = C S = 1 and Poisson's ratio = 0.30, for which the P and Rayleigh wave velocities =1.87 and 0.93, respectively. To obtain the response to this load in space-time, we could combine the branch integral in the lookup tables with the free vibration terms associated with the Rayleigh poles [Eqs. (3a)- (3d)], multiply the sum of these two by the Fourier transform of the load, and then seek the inverse Fourier transform by numerical means (either through the fast Fourier transform or by direct numerical evaluation; the latter is more efficient and flexible if the response is needed at only a few selected receivers). However, unlike the branch integrals, the free vibration term does not decay with time or wave number, which potentially poses numerical difficulties. Fortunately, this problem can be completely avoided by treating the Rayleigh term separately from the branch integrals, since it is possible to integrate it in closed form for any arbitrary load. The procedure is as follows.
Let f͑k͒ be the spatial Fourier transform of f͑x͒, i.e., of the applied traction. The contribution of the Rayleigh term to the response for non-negative times involves the integrals
Observe the absolute signs in the first two integrals and the imaginary factor in the last two. These guarantee the Hermitian symmetry of the integrand with respect to wave number, which are needed to guarantee real time histories after the Fourier transforms. The first integral yields
in which f=Hilbert transform of f, which can also be obtained directly in the time domain. In particular, in the case of a line load, f͑x͒ = ␦͑x͒, this integral is
These are two temporally nonlocal pulses that move in opposite directions at the speed of Rayleigh waves, and have a sharp discontinuity at the Rayleigh wave front. By contrast, the integral for the coupling term is
that is, the coupling response is proportional to the load, and consists of two identical pulses moving in opposite directions at the speed of Rayleigh waves. Observe that this integral is local in time, that is, it lasts only as long as the load. Of course, the total response is the result of both the Rayleigh poles and the branch integrals, so the total coupling response is not necessarily local, but the Rayleigh term does provide the bulk of the response, even if not its totality. This is supplemented by the branch integrals, which provide the detail on the arrival and evolution of P and S waves.
We next apply these concepts to a bell-shaped strip load, for which its Fourier transform decays rapidly with wave number. A particularly simple choice is
in which a= half width of the load. The total applied force equals the area under the load, which is unity in this case. The spatial Fourier transform of this load is
whose amplitude is negligible beyond, say k max =2 / a. Choosing reasonably small values of a allows simulating a line load. In the example that follows, a = 0.1 is selected. The displacements in the spatial domain are then
As indicated previously, the first term is integrated analytically. The second term, on the other hand, has no singularities and the integrand decays with wave number, so it can readily be evaluated numerically. The sampling step ⌬k required to accomplish this task depends on the maximum range x max , the maximum time t max , and maximum wave speed C max for which the displacement is needed. To prevent temporal contamination in the discrete numerical summation elicited by the spatial periodicity L =2 / ⌬k of the load, we choose ⌬k to be no larger than
Taking into account the Hermitian symmetry with respect to wave number of the branch integrals, the last integral in Eq. (9) can be reduced to an integral from 0 to k max while replacing the exponential term by a cosine and sine, respectively Figs. 2(a and b) show the horizontal and vertical displacements for a receiver at a distance x = 5 from a horizontal (tangential) impulsive source, while Figs. 2(c and d) show the displacements for a vertical impulsive source. Solid lines represent the results obtained for the bell-shaped load, while dashed lines represent the exact solution for a Dirac-delta load (Eringen and Suhubi 1975, pp. 617-618) . In these figures, the three letters P, S, and R indicate the theoretical arrival times of P, S, and R waves, which are 2.67, 5.00, and 5.39, respectively. Clearly, these waves arrive exactly at the expected times, and the agreement with the exact solution is excellent. As expected, the finite width pulse exhibits a smooth transition at the Rayleigh wave front, while the Dirac-delta function has a sharp discontinuity.
Point Load
As can be shown, the Green's functions in k -t (or for that matter, k -) in cylindrical coordinates are identical to those in plane strain, except that the imaginary factor in the coupling terms must be omitted (or divided out). Also, a standard formalism known as the Hankel transform takes the place of the more usual Fourier transforms, but otherwise the details of the solution are similar. However, a complicating factor is the fact that exact Hankel transforms are intrinsically more difficult to obtain, and they depend also on the circumferential wave number n, which defines the variation of loads and displacements with the azimuth (i.e., cos n or sin n). Vertical and horizontal loads call for values n = 0 and n = 1, respectively. Consider now a transient, spatially local load of the form q͑r,z,t͒ = f͑r͒␦͑z͒␦͑t͒ acting on the same half space considered earlier for the line load. Because of the dependence of the solution on n, we consider the cases of vertical and horizontal loads separately. which uses exactly the same Green's functions G ij as the plane strain case, except that the imaginary factor of the coupling term is omitted (or as done here, divided out). As in the plane-strain case, the contribution of the Rayleigh term can be treated analytically in some simple cases, although the details are not as straightforward. For example, disk loads lead to complicated expressions that entail the use of Legendre functions. In most cases, however, an exact analytical solution is not available. We illustrate the examples of a point load, for which the inverse Hankel transform can be obtained analytically, and of a bell load, for which this cannot be done. A unit point load can be represented in cylindrical coordinates as f͑r͒ = ͑1/2͒␦͑r͒ / r, which satisfies ͐ 0 ϱ ͐ 0 2 f͑r͒r dr d = 1; its Hankel transform is
Vertical Load
which is constant for all wave numbers. Hence, the closed-form solution for the Rayleigh terms involves the inverse Hankel transforms (see Appendix III): 
These response functions are singular at the Rayleigh wavefront. Consider next a Gaussian bell of unit intensity, which has the form f͑r͒ = ͑␥ / ͒e −␥r 2 . The Hankel transform for this Gaussian bell is
which is also a bell that exhibits fast decay with wave number.
Choosing appropriate values for the parameter ␥ allows simulation of a point load.
In this case, the writers were unable to obtain analytical expressions for the inverse transforms for the Rayleigh terms. However, a purely numerical solution is still possible, combining the Rayleigh terms with the branch integrals, and carrying out the Hankel transforms by numerical means. Figs. 3(a and b) show the radial and vertical displacements u = u rz , w = u zz for a receiver at a distance r = 5 from a vertical bell source. Again, the three letters P, S, and R indicate the theoretical arrival times of P, S, and R waves. The computed responses are in excellent agreement with the known solution for a point load except, of course, for the finite transition at the arrival of the Rayleigh wave, which results from the absence of singularities in the Gaussian bell.
Horizontal Load
A horizontal load q in direction x (i.e., pointing in direction =0) has radial and tangential components q r ͑r , ͒ = f͑r͒cos and q ͑r , ͒ =−f͑r͒sin . The Hankel transform of the latter can be shown to be given by q r ͑k͒= q ͑k͒=͐ 0 ϱ f͑r͒J 0 ͑kr͒r dr, which is the same as for a vertical load. The radial, tangential (azimuthal) and vertical displacement components follow then from the inverse Hankel transforms
which once more uses exactly the same Green's functions as for the plane-strain case, so G yy is the Green's function for SH loads given by Eq. (1). Also, the factors cos etc. give the variation with the azimuth, and f͑k͒ is as for the vertical point load. Also, since G zx =−G xz , then u zx =−u rz . In the case of a horizontal point load with Hankel transform f͑k͒ =1/2, G yy is given by Eq. (1) and A yy = 0. The Rayleigh terms can then be written as
which can readily be evaluated with the aid of the expressions given in Appendix III. Observe that the "branch" integral for G yy [Eq. (1)] can also be obtained analytically. This requires replacing sin kC R t by J 0 ͑kC S t͒ and using appropriate formulas in Gradshteyn and Rhyzik (1980) . Nonetheless, since the complete response functions and their accuracy are qualitatively similar to those for vertical loads, final results are omitted here. 
Point Loads versus Line Loads
An interesting observation brought in 2002 to the attention of the writers by Christopher Bode, of the Technical Univ. Berlin, concerns the shapes of the impulse response functions for vertical point loads and line loads. In the case of a line load, the horizontal displacement remains quiescent after the passage of the Rayleigh wave, while the vertical displacement creeps asymptotically back to zero, see Fig. 2 . In the case of a point load, however, it is the other way around: the horizontal displacement creeps back to zero, while the vertical remains quiescent, as shown in Fig. 3 . While this behavioral contrast is consistent with the exact solutions for the Rayleigh terms given by Eqs. (6), (7), (11a), and (11b), the phenomenon is rather remarkable when one considers that a line load can be thought of as the aggregate of infinitely many point loads distributed along the y axis. Thus, the superposition of appropriately delayed solutions for point loads can in principle be used to obtain the solution for line loads, although it is not a priori obvious that such superposition should produce the observed canceling effect after passage of the Rayleigh wave. One may wonder about the theoretical implications of this observation.
Effect of Damping
The formulas presented in this paper were obtained for an elastic medium without attenuation. Furthermore, since the formulation is cast in the time domain, it is not strictly possible to incorporate hysteretic damping as can be done with purely numerical solutions. The reason is that this type of damping violates causality and is thus physically unrealizable. Nonetheless, it is still possible to modify the formulas to include other types of damping. The easiest one to accomplish here is mass-proportional damping, which is equivalent to a downward shift of the frequency axis in the complex plane by a small amount, say = 0 , with =1/2Q being the attenuation (Q= quality factor), and 0 a reference frequency at which this damping is defined (Kausel and Roësset 1992) . The latter can be chosen to be a function of the wave number k, for example, 0 = kC S . Application of contour integration will then reproduce all of the results obtained in this paper, except that all time functions will contain an additional factor of the form exp͑−t͒ = exp͑− 0 t͒. This term will have its most important effect on the Rayleigh pole terms, i.e., on Eq. (3a), because it is the only one that does not decay with time on its own. The reason is that Rayleigh waves in two dimensions do not decay, whereas body waves represented by the branch integrals radiate into the medium and thus decay. A more complete treatment of damping will be presented in a forthcoming companion paper on the application of this formulation to layered media, a sketch of which is presented in Park and Kausel (2003) .
Conclusions
A method was presented for the computation of the Green's functions of loads acting on the surface of a homogeneous half space in the wave number-time domain ͑k -t͒. This method can be used to obtain the response to sources with arbitrary spatial variation on the surface of the medium, and constitute the fundamental tool for an algorithm presented elsewhere by the writers to compute seismograms in layered media directly in the time domain.
It was shown that the Green functions in k -t consists of two terms: a dominant term that results from the residues at the Rayleigh poles, and branch integrals that provide the detail on the arrival and evolution of P and S waves. In the plane strain case, it was possible to evaluate the contribution of the Rayleigh terms in fully analytical form, and was found that it consists either of a scaled and delayed replica of the load, or of its Hilbert transform. In cylindrical cases, the closed form integration of the Rayleigh term was only found for point loads and disk loads, but solutions for other load types may perhaps also exist. Application of the method to both line loads and point loads and their simulation via bell-shaped loads provided results that were in excellent agreement with the known solutions for these canonical problems. However, as stated earlier, the method can also be used to evaluate the response to loads with other spatial variations.
Appendix I Green's Function for SH Loads in k -
A homogeneous half-space ͑z ഛ 0͒ is subjected to a SH source in direction y applied at the surface, and there are no body loads within. Hence, points in the interior of the half-space obey the well-known wave equation
in which and C S =mass density and shear wave velocity of the half-space, and =shear modulus. Assuming a harmonic variation in x, t, and an exponential decay with depth, the displacement field can be written as u y = Ae i͑t−kx͒ e nz , in which A is an as yet undetermined constant. Substitution into the wave equation (13) leads to the dispersion relation k S 2 = k 2 − n 2 , in which k S = / C S . This implies
Of the two possible roots, only n Ͼ 0 is considered here, to satisfy the boundedness condition at z =−ϱ. When k S Ͼ k (low wave numbers or high frequencies), s becomes a positive imaginary number (as can be shown by adding attenuation), so ␤ =−is = ͱ͑k S / k͒ 2 −1Ͼ 0. The exponential decay then changes into downward vertical wave propagation, which satisfies the radiation condition. On the other hand, the horizontal shearing stress at any elevation is
In particular, the shearing stress must equal the applied traction at the surface, q y = Pe i͑t−kx͒ , so A = P / ͑ks͒, and 
with Re͑ks͒ ജ 0 and Im͑ks͒ ജ 0 (to satisfy boundedness and radiation conditions).
Green's Functions for SV -P Loads in k -
Consider a homogeneous, elastic half-space whose body is defined in z ഛ 0. The free surface is at z = 0, at which tractions are prescribed. In the absence of body forces, the dynamic equilibrium equation at any point within the body can then be written in matrix form as
in which and =Lamé constants, and =mass density. Assume harmonic variation in time and in the horizontal coordinate, and an exponential decay with depth of the form
Substitution into the differential equations leads to an eigenvalue problem in the vertical wave number S (i.e., the dispersion equation for the vector wave equation), which has two roots: one for P waves with wave velocity C P , and one for S waves with wave
Combining these two modal solutions, the displacement vector can be written as
͑16͒
in which A P , A S are as yet unknown wave amplitudes. On the other hand, the prescribed tractions at the top surface must equal the internal stresses at that location. Carrying out this operation while observing that ͑+2͒/=͑1−s 2 ͒/͑1−p 2 ͒ and /=͑2p 2 −s 2 −1͒/͑1−p 2 ͒, one obtains after some algebra
Elimination of the wave amplitudes between Eqs. (16) and (17) yields
Again, the boundedness and radiation condition at z =−ϱ requires the two vertical wave numbers to satisfy Re͑ks͒ ജ 0, Im͑ks͒ ജ 0, and Re͑pr͒ജ0, Im͑kp͒ജ0. Finally, the pole ⌬ = 0 yields a single root, which provides the speed C R of Rayleigh waves. As is well known, the ratio C R / C S = ⍀ R = / k R C s = ͱ 1+s R 2 is independent of , and solely depends on Poisson's ratio. A very close approximation to C R is given by Eq. (4).
Appendix II

Contour Integration
In terms of the dimensionless variables summarized in the notation section, the Fourier transform of the Green's functions can be written as
in which the kernels or integrands K ij are
To calculate the four integrals, the integration along the real ⍀ axis is changed into a contour integral, as shown in Fig. 4 . To avoid the branch cuts, the path is deformed as shown around the P and S branch points at which p and s are zero, and closed around infinity in the upper complex half-plane. Indeed, for t ജ 0, the boundedness condition for the exponential term in the transform requires the contour to be closed in the upper complex frequency-plane Im͑⍀ C ͒ Ͼ 0. The two branch cuts for s are those portions of the real frequency axis satisfying ͉⍀͉ ജ 1, while those of p satisfy ͉⍀͉ജ a, that is, the branch cuts start at the S and P branch points, respectively. The complete contour integral can be decomposed into partial integrals along the paths shown in Fig. 4 , which consist of the complete real axis (=the integral sought), the return below the branch cut, the semicircle around the S branch point, the outward path above the S branch cut, the semicircle around infinity, and the two paths above and below the negative branch cut. It can be shown that the integrals around infinity and around the branch points do not contribute anything to the contour integral. Hence, the net result of the contour integral is the desired integral plus the branch cut integrals, the sum of which must equal the residues at the two Rayleigh poles. Hence
Fourier transform = 2i ͚ residues -branch integrals
Residues
To evaluate the residues, it is convenient to write the kernels in Eqs. (19) in terms of the numerator and denominator as K ij = N ij / ⌬. The contribution of the two residues at ⍀ = ±⍀ R is then
Considering that the numerators N ij = even functions of frequency, while D= odd function, the above sum reduces to 2i ͚ residues = − 4
in which ⍀ R = C R / C S , = kC S t, and D R = D͑⍀ R ͒. Dividing Eq. (21) by the factor 8C S , the contribution of the residues to the response functions can then be written compactly as
in which To complete the formulation, it remains to evaluate the Green functions for zero horizontal wavenumber ͑k =0͒, which are simply S and P waves propagating vertically. Hence,
Appendix III
On page 730, Gradshteyn and Ryzhik (1980) list Eqs. (6.671)-(1,2), which in the current notation are 
Notation
The following symbols are used in this paper: C R ϭ Rayleigh ͑R͒ wave velocity;
C P = ͱ͑+2͒/ ϭ P-wave velocity;
C S = ͱ / ϭ shear ͑S͒ wave velocity;
ͬ k ϭ horizontal wave number; k P = /C P ϭ horizontal wave number for P waves; k S = /C S ϭ horizontal wave number for S waves; a = C P C S = ͱ 2 − 2 1 − 2 ϭ ratio of P to S wave speeds; p= ͱ 1−⍀
